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Effects of Flexibility in the
Bearing Assemblies of Dual-Spin Spacecraft

M. P. ScHER*
TRW Systems Group, Redondo Beach, Calif.

The recent performance of a dual-spin spacecraft suggests that bearing assembly flexibility
may affect the stability of desired attitude motions. The present analysis confirms this pos-
sibility for certain dual-spin spacecraft whose bearing assemblies dissipate energy during
lateral bending. Energy sink techniques are used to derive an approximate time constant for
the growth or decay of coning of the spacecraft’s symmetry axis; and the accuracy of this
expression is assessed by means of computer simulations. It is also seen that the time con-
stant can be bounded, even without complete knowledge of the dissipation mechanism, and
a useful design guideline is thus obtained. Examination of the sign of the time constant pro-
vides a criterion that facilitates stability analyses of spacecraft with dissipators on either the
rotor or platform; charts of stability regions are presented.
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I. Introduction

Dual-Spin Spacecraft

N recent years, several investigators have studied the sta-
bility of attitude motions of dual-spin spacecraft. These
spacecraft are comprised of two sections that rotate relative
to one another about an axis fixed with respect to both.
Typically, one section, called the rotor, is symmetric about
this axis and rotates rapidly relative to the second section, or
platform, whose angular velocity in inertial space is much
smaller in magnitude. The sections are separated by a bear-
ing assembly consisting of an axle, bearings, and a motor.
Such spacecraft are well-suited to certain missions because
the rotor can provide spin-stabilization to maintain the com-
mon axis in a fixed orientation in inertial space, while the
motor torque cancels the frictional torques between the sec-
tions, thereby keeping the platform de-spun, i.e., at rest as
regards rotational motion.

The aforementioned stability analyses!— have established
that it is indeed possible to design a dual-spin spacecraft
whose common axis will maintain a fixed orientation in
inertial space. However, this will only occur when certain
relationships, involving the inertia properties, spin rates, and
flexible members of the rotor and platform are maintained.
In particular, it has been shown that the platform and the
common axis can remain rotationally at rest, even when the
centroidal moment of inertia of the entire spacecraft about a
line normal to the common axis exceeds the spacecraft’s
moment of inertia about that axis, provided that the rate of
energy dissipation on the platform exceeds that on the rotor
by a sufficient amount. This conclusion was announced by
Torillo,! and was later enlarged upon by Likins,? for the case
where dissipation occurs on both sections of the spacecraft.
These investigations relied heavily on admittedly informal
energy sink arguments, but a more rigorous Floquet analysis,
leading to essentially the same conclusion for a specific
system, was presented by Mingori.® In addition, the con-
clusion has been supported by numerous other rigorous
analyses in which only one of the sections was regarded as
nonrgid,2~* and by numerical integrations of exact dynamical
equations for the motion of spacecraft with dissipators on both
sections.®
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Practical Considerations

The importance of this conclusion regarding the stability
of dual-spin spacecraft whose common axes are principal axes
of minimum inertia is three-fold. First, it is clear that dual-
spin spacecraft are not subject to the widely accepted doctrine
which states that, in the presence of energy dissipation, a
single-body spacecraft may only spin in a stable fashion about
its centroidal principal axis of maximum inertia. Second, it
permits dual-spin spacecraft to be rod-shaped, rather than
disk-shaped, thereby effectively utilizing the available space
on present launch vehicles. Third, criteria for stability in
terms of energy dissipation rates prove extremely useful in the
actual spacecraft design process. Analysts can estimate the
rates at which energy is dissipated by various phenomena such
as fuel slosh and structural damping. Those dissipative phe-
nomena found to be most significant can later be incorporated
into computer simulations that deal rigorously with the dy-
namical interactions of the various parts of the spacecraft.
Moreover, when it is found that additional energy dissipation
would be desirable, the engineer may design a passive wobble
damper to meet dissipation requirements without having to
cope with the complete nonlinear equations for the space-
craft’s attitude motion.

Surprisingly, the first dual-spin spacecraft to which this
conelusion was applied exhibited occasional periods of insta-

Fig. 1 Symmetric dual-spin spacecraft with flexible
bushing.
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bility during which the rotor’s symmetry axis was observed
to be coning about an inertially fixed line with a small cone
angle. Subsequent investigations, conducted to explain this
instability, have identified nonrigidity in the bearing assembly
as a probable cause.® Flexibility in lateral bending appar-
ently permitted energy to be dissipated through viscous flow
of lubricant between a bearing race and axle. This eventu-
ality was not adequately assessed prior to launch. A com-
plete hypothesis as to why coning was limited to a small angle
hinges on nonlinearities in the bearing assembly and on inter-
actions with the active control system, and is beyond the scope
of the present paper. However, the incident does point out
the need for analytical methods with which to predict the
effects of bearing assembly flexibility on spacecraft attitude
motion and to provide design criteria for future bearing as-
semblies. - The present paper attempts to treat both of these
problems.

II. Results

Model

Analysis of the effects of bearing assembly flexibility is
hampered by two major obstacles. First, it is not clear what
phenomena should be analyzed. Bearing assemblies are
intricate devices exhibiting nonlinearities in their moment-
deflection characteristics and having complex patterns of

lubricant flow among the bearings and races. Moreover,
" there are significant variations among the assembly designs
used on different spacecraft, so an accurate model of a
specific bearing assembly is of limited applicability. The
second obstacle is that the aforementioned stability analyses
treat only simplified spacecraft having ideal bearings. Con-
sequently, it is not clear whether energy dissipation in the
bearings should be attributed to the rotor or to the platform
or, perhaps, apportioned in some manner between the two
sections.

The present paper circumvents the first obstacle by con-
sidering the simplest relevant model of a compliant bearing
assembly, i.e., by assuming 1) that the bending occurs at only
one point and 2) that the restoring and damping forces in the
assembly are proportional to the deflection and rate of deflec-
tion, respectively. The question of apportioning energy is
avoided by modeling a system in which the dissipating mecha-
nism is tied to neither the rotor nor the platform. This is
accomplished by considering a symmetric spacecraft whose
rotor and platform are separated by a massless, viscoelastic
bushing which rotates at constant rates relative to both see-
_ tions. The system is shown in Fig. 1 in which 4 and B are
axisymmetric rigid bodies representing the platform and
rotor and having mass centers A* and B*, respectively. The
bushing is comprised of two symmetric massless annuli C and
D, connected by idealized springs and dashpots that resist
bending of D relative to € about any line passing through 0
and normal to the symmetry axes of C and D. Axial rotation
of D relative to C is prohibited.

Typically, it might be desired that the system remain un-
flexed and that the symmetry axis remain fixed in space while
A spins at a rate s (in inertial space) about this axis and while
B spins relative to 4 about the axis with a rate . (One may
let A be de-spun by setting s = 0.) € and D, as a unit, may
also be allowed to rotate relative to 4 about the symmetry
axis with arate Q. Thus, if r = 0, C and D are fixed relative
to 4; and if r = 1, they are fixed in B. Values of r between
zero and one are meaningful as long as a bushing is being con-
sidered; e.g., it might be assumed that the bushing rotates
relative to A with a rate 3 Q. However, the principal role of
the parameter r is to serve as an apportioning factor. By
performing laboratory tests of actual bearing assemblies, it
may be possible to empirically determine an appropriate value
of r for a physical system that bears little resemblance to the
bushing presently being analyzed.
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Now, if the spacecraft’s symmetry axis is coning about an
inertially fixed line (parallel to the spacecraft’s angular
momentum vector), the bushing must transmit torques ap-
plied by Bto A. These torques cause bending, which, in turn,
leads to viscous dissipation in the bushing. In the sequel, the
spacecraft will be termed stable if the analysis indicates that
the coning and, hence, the bending diminish. On the other
hand, instability is manifested by increased bending and
coning,.

Time Constant

The rate at which the cone angle increases or decays can be
most easily characterized by a time constant 7T, a positive
value of T being defined as the time required for the cone
angle to decrease by a factor of 1/e. An estimate of this
time constant has been derived by employing energy sink
techniques which, as indicated previously, sacrifice a certain
amount of rigor, but in turn provide a convenient closed-form
expression for 7. A review of this derivation, and of the
underlying assumptions, follows shortly, but for now it
suffices to indicate that the techniques involve 1) obtaining
an analytical description of the motion which the spacecraft
undergoes while coning, 2) recognizing that the bushing is
excited by this motion in a periodic fashion, 3) computing the
energy dissipated per excitation cyecle, and 4) relating energy
changes to attitude changes. The outcome of this procedure
can be presented in terms of the following parameters charac-
terizing the system: I = moment of inertia of the entire
system about the symmetry axis (when unflexed); J =
moment of inertia of the entire system about any line through
the system mass center and normal to the symmetry axis
(when unflexed); B; = moment of inertia of B about its sym-
metry axis; Bs = moment of inertia of B about a line normal
to its symmetry axis and passing through B*; m, = mass of
A; mp = mass of B; ¢ = distance from 4* to 0; b = dis-
tance from B* to 0; k = spring constant for lateral bending
about 0; ¢ = damping coeflicient for lateral bending about 0;
s = nominal spin rate of A in inertial space; € = nominal
spin rate of B relative to A; and r = ratio of spin rate of C
in 4 to nominal spin rate of B in A.

If one defines

M = mamp/(ms + ms) 1
a=I/] p=s/Q (2a)
Br=Bi/J  Bo= [Bs+ Mbla+b)/J  (2b)
n=1c¢/JU A=plaB— B) + Bi(B:— 1) (2¢)
o = k/JQ? (3)
and

A=pla—1)+B—r “@

then T may be estimated as
T = [(o® + N9B)/A(ap + BYN]/Q ®)

All the terms of importance in the model appear in this ex-
pression for T'; e.g., the spring and damping coefficients enter
via ¢ and 7. Note that the magnitude of the time constant
can always be made infinitely large by the choice of an infinite
spring stiffness. (Of course, actual spacecraft have other
sources of dissipation whose time constant contributions be-
come dominant when the bearings become sufficiently stiff.)
The rate of rotation of the bushing enters Eq. (5) via A, which
plays an important role in the analysis, AQ being the fre-
quency with which the bushing is excited. In fact e, By, p,
and r may be chosen such that A vanishes, in which case the
bushing is not flexed in an oscillatory fashion and 7' becomes
infinite.

The accuracy of this time constant expression has been
assessed by comparing values predicted by Eq. (5) with those
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Fig. 2 Stability chart when 8, = 0.75.

obtained by numerical (computer) integration of a complete
set of equations of motion for the spacecraft. These equa-
tions were linearized in the angles that describe the bending,
but not in the angular rates. The bushing was always taken
to be fixed relative to the platform (r = 0). Values of time
constants were extracted from the numerical time histories of
the platform’s inertial angular velocity components by mea-
suring the time required for the magnitude of the transverse
rates to diminish by 37%,. In Table 1, such comparisons are
presented for three dual-spin spacecraft configurations. The
first two configurations represent spacecraft with large rotors
and small de-spun platforms, the first having 8; > 1 and the
second with 8; < 1. [The significance of 8; will soon be made
apparent; e.g., see Eq. (7).] The third spacecraft has a
slowly spinning platform and a small disk-shaped rotor.

For each spacecraft, and for various values of ¢ and 7, the
ratio T/T* is presented where T is the value of the time con-
stant as given by Eq. (5) and T* is the value obtained from
the numerical integration. In addition, Table 1 presents the
ratio P/P* where P, the analytically predicted period of a
cycle of bending, is defined as 27 /AQ, and P* is the oscillation
period determined numerically. (All values of 5 were chosen
to be optimal, i.e., to minimize | T|, except those indicated by
the footnote.) It can be seen that the analytical predictions
usually improve with increasing spring and damping coeffi-
cients. Note also that, in most cases, Eq. (5) underestimates
the value of 7. When ¢ is small, differences between P and
P* become large. This indicates that the excitation fre-
quency seen by the bushing differs from that assumed in the
derivation of Eq. (5); thus, accurate estimates of T’ cannot be
expected when the bushing is highly flexible.

Stability

In using Eq. (5), it is convenient to choose @ > 0. Then
stability is indicated if “

(ap + BN >0 (6)

a criterion which depends only on the inertia properties I, J,
B; and on the spin rates s, Q, r@, of the platform, rotor, and
bushing. The term stability is meant to imply only that T
> 0. This loose treatment of stability is necessary in lieu of
a rigorous stability analysis of the system’s nonlinear dy-

Fig. 3 Stability chart when 8; = 1.0.
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Table 1 Comparison of analytical predictions
and numerical integrations

Spacecraft properties:

a=09 =08 =086 p=0 r=0

[ 7 T/T* P/P*
0.3 0.375 0.78 0.83
3.0 3.75 0.99 0.98

30.0 37.5 0.96 0.99
3.0 1.0% 0.93 0.97
3.0 10.0% 1.00 0.99

Spacecraft properties:

a=12 =11 =08 p=0 r=20

o' n T/T* P/P*
0.15 0.136 1.06 0.71
1.5 1.36 1.06 0.98
15.0 13.6 0.98 0.99

Spacecraft properties:
a=15 =02 B =01 p=01 r=20

a' » T/T* P/pP*
0.45 0.3 0.65. 0.91
0.45 1.8 0.85 0.94
1.5 6.0 0.95 1.00

¢ Nonoptimal 7 for a given .

namical equations which are by-passed in the present ap-
proach. Nevertheless, when r equals zero or one, Eq. (6)
does agree with stability criteria developed by more rigorous
methods.?4

For a spacecraft having its platform de-spun, s = p = 0,
and Eq. (6) may be replaced by

B—r>0 @

Note that if the dissipator is fixed relative to the platform (r
= 0), then stability is always assured, whereas, if the dissi-
pator is fixed to the rotor (r = 1), then 8, must exceed unity
to insure stability.

Equation (6) may also be used to shed some light on the
general questions of stability of dual-spin spacecraft. By
examining the (a,B1,p) parameter space for the cases where
r = 0andr = 1, one can develop charts of stability domains.®
These charts indicate whether platform-mounted and rotor-
mounted dissipators contribute to stability or instability.
Three such charts are presented in Figs. 2-4 for the cases
where 81 = 0.75, 1.0, and 1.25, respectively. In each case,
for a given B, the values of a and p are bounded by the in-
equalities — o < p < « and B1 < @ < 2; and the (a,p) pa-
rameter space is divided into regions which may be of four
types as follows: type I—those regions in which stability is
expected both when r = 0 and when r = 1; type II—those
regions in which stability is expected when » = 1, but not
when r = 0; type III—those regions in which stability is ex-
pected when » = 0, but not whenr = 1; and type IV—those
regions in which instability is expected both when r = 0 and
when r = 1.

Notice that only when 81 < 1 (i.e., in Fig. 2) does a type IV
region appear; however, when the platform is de-spun (p =

-4 - 2 -1 0 1 2 3 4

Fig. 4 Stability chart when 8; = 1.25.
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0), this region can be avoided. Figure 3 is perhaps only of
academic interest since it is impossible to build a spacecraft
with an inertia ratio 81 of exactly 1.0. This case is unique in
that a boundary between two regions occurs when p = 0.
Thus, if dissipation on the rotor is dominant, stability can be
obtained when the platform rotates slowly in the same direc-
tion as the rotor, but not if it is slowly counter-rotating.
Finally, when 51 > 1, as in Fig. 4, a spacecraft with a de-spun
platform is stable regardless of dissipator location; however,
instabilities do arise when the platform is counter-rotating at
appropriate rates, both when a dissipator is fixed to the rotor
and when one is fixed to the platform.

Bounding Analyses

The principal motivation for resorting to energy sink tech-
niques is to obtain results that are of use in the design process.
Unfortunately, exploitation of Eq. (5) presupposes knowledge
of k, ¢, and r. Routinely, & is determined from static deflec-
tion tests of actual bearing assemblies; however, only more
complicated experiments can furnish suitable values of ¢ and
r. In lieu of these values, one can, by differentiation of Eq.
(5), determine that value of n which minimizes | T'|; subse-
quent substitution into Eq. (5) produces

| T in = 20/ [A2} Q(ap + B)|] ®)

Furthermore, from inspection of Eq. (5) it is evident that the
maximum possible value of | 7| is infinite, i.e., when = 0
or @, Thus |T| can be bounded with respect to n without
any knowledge of ¢ and, moreover, these bounds are inde-
pendent of r.

In the design process, one usually possesses an estimate of a
stabilizing time constant provided by a wobble damper or
active control system. It might then be asked how stiff need
the bearing assembly be in order that, in no case, can there
exist a destablizing time constant whose magnitude is less
than To. If Eq. (6) is not satisfied for all values of r between
0 and 1, then a destabilizing time constant may occur. The
minimum nondimensional stiffness that assures |T| > |Tol
may be extracted from Eq. (8), after replacing | 7| mia by To,
ie.,

Omin = £A2| QTo(ap + B1)]

and the minimum stiffness k follows from Eq. (3).

1t is expected that stiffnesses that are predicted in this man-
ner may be overly conservative, perhaps by one or more
orders of magnitude, depending on the actual values of ¢ and
r that are bypassed in this bounding analysis. If weight
limitations prohibit such conservative stiffnesses, a more
flexible bearing assembly can be designed and subjected to
laboratory tests to determine the values of ¢ and r.

III. Derivation
Quasi-Rigid Body Motion

A derivation of Eq. (5) is now presented based on the as-
sumption that the attitude motion of the spacecraft is not
greatly affected during one cycle of bending in the bushing;
but over longer times, the cumulative effect of bushing flexi-
bility on attitude motion must be considered. The analysis
proceeds in four steps, the first being the determination of the
translational and rotational motions which body A undergoes
assuming that 1) there is no flexibility in the bushing, 2) no
external forces act on the spacecraft, and 3) the symmetry
axis of the spacecraft is coning about the spacecraft’s iner-
tially fixed angular momentum vector. Consideration of the
?otational motion of A is then most easily accomplished by
invoking the dynamic equation

H=0 9
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in which the dot denotes time differentiation in an inertial
reference frame and H, the angular momentum of the space-
craft about its mass center S*, can be expressed as

H = (Iw1 + Blﬂ)cl + JCO202 + JO)ng (10)

where ¢1,¢,¢5 are unit vectors fixed in € with ¢; parallel to the
symmetry axis of A (see Fig. 1), and where w,ws,w; are mea-
sure numbers of w4, the inertial angular velocity of 4, referred
to c1,62,¢5, 1.,

04 = w01 + wes + wsCs (11

The differentiation indicated in Eq. (9) can be expanded as

H=H +o°XH (12)

where the prime denotes vector differentiation with respect to
time in reference frame C, and »¢, the inertial angular velocity
of C, is given by

¢ = 01 4+ rQc¢ (13)

Execution of the operations in Eq. (12), taking H from Eq.
(10) and regarding Q as constant and wj,ws,w; as time de-
pendent, leads to three scalar differential equations which, for
appropriate initial conditions, have the solutions

W =8 ws = w; COSALU ws = w; sinAQ  (14)

where s and w; are constants referred to as the spin rate and
transverse rate of A, respectively, and A is given by Eq. (4).
Next, by employing the definition of mass center, the inertial
acceleration as of A* relative to S*, can be expressed in terms
of 1, the position vector of B* relative to A*, asas = —Tmp/
(ma -+ msz) or, after noting from Fig. 1 that r = (¢ + b)cy
when the spacecraft is unflexed, as

T el (DR I LR

[ + (w1 + Qr)wslee + (@2 — (w1 + Qr)wsles} (15)

Bending of the Bushing

The second step in the procedure is to determine the bend-
ing motion of the bushing, i.e., the motion of D relative to C,
assuming 1) that flexing of the bushing has a negligible effect
on the motion of 4 [i.e., that w4 and a4 are given by Eqgs. (14)
and (15)], 2) that bending of the bushing occurs only at point
0, and 3) that the bending is small. Equations that govern
the bending can most easily be developed by applying the
vectorial form of Euler’s equations for the rotational motion
of a single rigid body to platform A, namely

M4 = I4-G4 4+ 04 X 404 (16)

where M4 is the moment about A* of the forces applied to A
and I4, the inertia dyadic of 4 for A*, may be expressed as

I4 = Ajcier + Ascscs + Ascses 17

Ay and A, being the centroidal longitudinal and transverse
principal moments of inertia of A. Now, M4 is dependent,
in part, on the bending of D relative to C. If three mutually
perpendicular unit vectors, di, ds, ds, are fixed in D so that
they are aligned with c;, ¢s, ¢; when the bushing is unflexed,
then the orientation of D relative to €' during bending can be
deseribed by successive rotations of amounts 6, and 6; about
cs and ds; and, assuming bending is small so that cosf; ~ 1,
sind; ~ 6@, then these unit vectors are related as follows:

dy = ¢1 + Oscp — ey, do = —fsc1 + 2, ds = fsc; + ¢z (18)

When bending occurs,

M4 = —(koz + 092)62 - (k03 —|— 693)d3 + T1A(:1 +
ac; X F4 (19)
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where T4 is the sum of the motor and frictional torques ap-
plied to A and where F4, the force exerted by ¢ on A (and
assumed to pass through 0), may be expressed using Newton’s
law as

F4 = mua, (20)

Next, dot multiplication of Eq. (16) by ¢; and by ¢; and sub-
stitution from Egs. (1, 11, 13, 15, 17-20) leads to two scalar
equation of motion

(w2 — rQws)[As + Ma(a + b)) +
wws[dr — Az — Mala + b)) = k6, + cby
@1
(w3 + rQws)[A2 + Ma(a + b)] —
wiwe[As — Ay — Male + b)] = kbs + cbs
Now, letting the bending of the bushing produce no effect on

the angular motion of 4, Eqs. (14) may be substituted into
Eq. (21) and, after recognizing that

I=4,4+5B J=As+4 By + M(a + b2  (22)
defining
T=Q f£=w/Q (23)

designating scalar differentiation with respect to 7 by a prime,
and recalling the definitions in Eqs. (2-4), Egs. (21) can be
reduced to the system

70y + 06y = EA sink7, 06y’ + o6; = —EA cosht (24)

which has a steady-state solution for the bending angles 8,
and 6, given by

0s = u SinA\T — v cosAT, 63 = v sinAT — u cosAr  (25)
where
u = EAa/(a* + 7*N?) v = EAqN/(e* + 9*N?) (26)

It can be seen from Eqgs. (24) that the forcing functions for
the bending angles have frequencies of AQ and, hence, are
dependent on r. Use of the steady-state solution given by
Eq. (25) is based on the implicit assumption that the transient
solutions to Eq. (24) are unimportant. This can be expected
when the natural frequency of the bushing in lateral bending
is far removed from this forcing frequency and when sufficient
damping is present.

Energy Dissipation Rate

The third step in the procedure is to compute the rate at
which energy is dissipated in the bushing, assuming that the
bending of D relative to C is described by 6, and 8; of Eqs.
(25). Examination of HEqgs. (25) and (23) reveals that the
bending angles oscillate with a period P given by

P = 2x/AQ @7
The energy E dissipated per cycle is given by
' P .

E= fo o(62 + 6,2)dt (28)
and K*, the average rate of energy dissipation, is defined as
Ki* = —E/P or, after substitution from Eqs. (23-28) and
@), by

Ki* = TONA/ (0% + 1)) 29

This expression can be used in its present form to calculate the
rage of energy dissipation in the bushing when comparison
with the dissipation rates of other phenomena is desired;
alternately, it can be used to determine T of Eq. (5) as will
next be seen. In any event, note that Ky* is proportional to
the square of w;; when there is no coning motion, w, and K»*
both vanish.
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Changes in Attitude Motion

The fourth and final step is to relate energy dissipation
rates to changes in attitude motion. The primary assump-
tions involved are that 1) bending is small; 2) in the spirit of
variation of parameters, w; and w, are allowed to vary slowly;
and 3) that the coning angle of the symmetry axis of 4 is
small or, equivalently, that w, is small. Because it has been
assumed that €' and D rotate at constant rates relative to A
and B, respectively, one must hypothesize the existence of two
power sources (e.g., motors), which maintain these constant
rates, adding or removing mechanical energy as necessary.
Thus, K, the rate of change of kinetic energy of the entire
spacecraft, is comprised of three parts, i.e.,

K=K, +Kis+ Kz (30)

where K, is the instantaneous rate of energy dissipation in the
bushing and K 4 and Ky are rates at which energy is added to
the system by the motors attached to A and B, respectively.
Now, the total system energy can be related to the attitude
motion as follow: first, the bushing is treated as rigid, in
which case the spacecraft’s kinetic energy is given by

K = {(Ien? 4 2BinQ + B1Q? + Jw,?) (31)

and the square of the angular momentum is obtained from
Eq. (10) as

H? = 202 + 2IB10,Q + B12Q? + J%w,? (32)

Elimination of w; between Eqs. (31) and (32), followed by
time differentiation in which H? and  are regarded as con-
stants, leads to

K = (J/Dh{I — Dww (33)

Thus, the rate of change of system kinetic energy is related to
the transverse rate. Next, the rates at which energy is pro-
vided by the motors can be identified as

K4 =M4%4 Kp= ME-PoB  (34)

where M4 and M2 are the moments of the forces applied by C
and D to A and B about A* and B*, respectively; and o4
and Pw? are the respective angular velocities of A and B rela-
tive to C and D, i.e.,

DuB = (1 — r)Qd, (35)

Now, Euler’s equations, applied successively to A and to B,
together with small coning and bending assumptions that
permit the dropping of terms quadratic in ws, ws, 62, and 6,
provide that

Cpd = —rile

MA'(:1 = A](l:’l MB' dl = Bld‘l (36)
and @; and @, may be related by differentiating Eq. (32) as
W = —J%,a),/[l([wl + QBy)] 37)

Rearrangement of Eq. (30), followed by substitution from
Eqs. (83-37, 2, 4, and 22-23) and replacement of w; by s, leads
to

K, = JO[N(ap + B)IEE

an expression which relates the rate of energy dissipation in
the bushing to the rate of change of the (nondimensional)
transverse rate. The crux of the energy sink approach in-
volves equating K, to Ki* of Eq. (29), thus leading to a dif-
ferential equation for £, i.e.,

£+ [A%ap + BN/ (0 + N9%)]E =0
having the solution
£ = ge o7 (38)

where %, is a constant that depends on initial conditions, and
T is the time constant presented in Eq. (5). Recalling the



MAY 1971

definitions of £ and 7 from Eq. (23), Eq. (38) indicates that
w., and hence the coning angle, grows or decays depending on
the sign of T'.
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Compressible Strain-Hardening Target Material
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Hypervelocity impact of a rigid spherical projectile with a compressible target material is in-
vestigated. Analytic solutions obtained for this problem are based on dynamic cavity expan-
sion and Goodier deep penetration theories and are net restricted, as in previous work, to an in~
compressible medium. Target compressibility is introduced through a locking approximation
for real material behavior under hydrostatic stress. In particular, values of locking density
are obtained from Hugoniot curves characterizing homogeneous, isotropic material behavior
at different impact velocities. Results of the theory indicate that terminal penetration depth
is a function of projectile diameter and mass, and initial density, locking density, yield stress,
and strain-hardening modulus of the target material. Using results of the theory, curves are
plotted to show the comparison between compressible and incompressible penetration theory
for the hypervelocity impact of steel projectiles on an aluminum target.
Nomenclature n = summation exponent
Ps = static pressure term given by Eq. (71)
A,D,M = cross section area, diameter, and mass of projectile, p(t) = dynamic pressure applied to spherical cavity surface as
respectively a function of time
a = radius of spherical cavity a,4,§ = depth, velocity, and acceleration, respectively, of pro-
B;,B; = constants related to dynamic pressure, see Eq. (71) jectile in target material
b = radius of locked-elastic, locked-plastic spherical shock go,v0 = penetration depth and velocity of projectile after comple-
front tion of shallow penetration phase
G = constant of integration g+ = final penetration depth of projectile
EG = modulus of elasticity and shear modulus, respectively r = Eulerian radial coordinate
g, = tangent modulus for linear strain-hardening t = time
€ = bulk strain v = outward particle velocity in radial direction
I = limit of integration Y = yield stress
1.9 = functions of integration « = material constant given by Eqs. (16), (24)
k = radius of stress-free, locked-elastic spherical shock 8 = material constant given by Eq. (40)
front B = material constant given by Eq. (66)
e,e2 = small quantities in the mathematical sense
—_—— ) = locking strain, & = — &
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